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A direct proof of entropy-based directed random walk
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ABSTRACT: Random walks and Shannon entropy
have been studied by probability theorists for decades,
and they have applications in many fields of
mathematics, physics, chemistry, biology and computer
science. This paper is particularly aimed (1) To apply
Shannon entropy in Directed Random Walk algorithm in
order to calculate the distribution value along a
biological pathway, (2) To discover the interrelationship
between entropy and connectivity of nodes via entropy-
based Directed Random Walk (e-DRW), and (3) To
show the role of entropy in revealing the biological
insights for a gene and a pathway in the biological
network. An equation is introduced to discover the
connectivity of nodes in directed graph via probability
values calculated from Shannon entropy formula. A
direct proof of calculation is presented using entropy-
based Directed Random Walk with gene expression
data.
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1. INTRODUCTION

Nowadays, random walk is applied in various
fields including mathematics, physics and biology. With
the development of this graph-theoretical algorithm,
random walk on graphs can be efficiently employed to
solve many biological problems. Biological networks
can be represented as graphs and random walk serves as
a useful tool in studying the relationship between nodes
in graph. In this paper, we focus on directed random
walk model in biological network and present a direct
proof of how this graph-theoretical algorithm can help
in identifying the interrelationships between entropy and
connectivity of nodes in biological networks.

2. METHODOLOGY

Entropy-based Directed Random Walk (e-DRW) is
aimed to discover relationship between entropy and
connectivity of nodes in directed graph via probability
values calculated from Shannon entropy formula.
Shannon entropy is proved to be useful in calculating
the amount of information or uncertainty of a sequence
in genomic data [3]. Entropy of gene is used as a weight
parameter to estimate the variability in expression for a
single gene.
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2.1 Entropy-based directed random walk

Given an edge weighted graph G = (V, E, w),
where V , E and w denote the vertex set, the edge set
and the edge weight respectively, node entropy [4] can
be defined as

H(vi) = =&, P(vi) log, P(vi) (1)
where P(vi) represents the probability of gene weight in
average between two connected nodes, N1 and N2 with
the formula
Ziwi)

P(DI] = m

(2
The entropy-based Directed Random Walk (e-DRW)
starts random walker from a single node and the walker
transits from its current node to another randomly
selected neighbor (forward) node based on edge weights
or goes back to previous node with probability r. e-
DRW can be defined as

H(vi+1) = (1 -1r) ETH(v)) + rH(vo) (3
where H(v;) represents transition probability of i node
which is transmitted from i-1 node. H(vo) is the initial
entropy probability vector. 1 is set to 0.7 as defined by
Liu [5] and ET is an entropy edge-weighted adjacency
matrix developed from the original directed graph (with
edges). H(vi+1) denotes the final entropy probability
vector.

3.  RESULTS AND DISCUSSION

This section presents a direct proof of entropy-
based Directed Random Walk (e-DRW) by
implementing entropy as weight variable with gene
expression data (GSE19188) as demonstrated in
previous study [6]. Table 1 shows the weight of nodes
after data pre-processing using Gene Chip Robust
Multi-Array Averaging (GCRMA). The average gene
weights between two connected nodes are calculated.
Assume a directed graph G where V represents vertex,
V={1,2,3,4,5}.

Table 1 Weight of each node that implement in graph G

Nodes Weight Average Weight
1 2.338914 5.405962
2 8.47301 7.308555
3 6.1441 4.6235445
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4 3.102989 7.2433195
11.38365 8.2665215
6 5.149393 5.149393

Based on Table 2, the edge weight of last node
(node 6) is remained as the same value because there is
no further adjacent node connected to the last node
along the pathway. Before calculating the vector of e-
DRW, we need to first compute the entropy value for
each node. Table 2 shows the calculation of node
entropy based on probability of edge weight.

Table 2 Calculation of node entropy based on
probability of edge weight

Nodes Weight  Probability Node Entropy

2.338914 0.142272283
8.47301  0.192344084
6.1441  0.121680883
3.102989  0.190627238
11.38365 0.217555523
5.149393  0.135519987

0.400211932079
0.4574327005688
0.369788203437
0.455789726058
0.4787309283615

1
2
3
4
5
6 0.3907583305158

The calculation of e-DRW whereby r (restart
probability) is sets to 0.7, M (adjacency matrix) is sets
to 1 and the initial probability vector is sets to O are
shown as Table 3 below:

Table 3 Calculation of e-DRW

Nodes Distribution Vector

(1-0.7) (1) (0.400211932079) + (0.7) (0)
=0.120663579

(1-0.7) (1) (0.120663579) + (0.7)
(0.4574327005688)
=0.356221964

(1-0.7) (1) (0.356221964) + (0.7)
(0.369788203437)
=0.365718331

(1-0.7) (1) (0.365718331) + (0.7)
(0.455789726058)

= 0.428768307

(1-0.7) (1) (0.428768307) + (0.7)
(0.4787309283615)
=0.463742142

(1-0.7) (1) (0.463742142) + (0.7)
(0.3907583305158)
=0.412653474

H(vl)

H(v2)

H(v3)

H(v4)

H(v5)

H(vo6)

From the results shown in Table 3, the low value of
vector in e-DRW is due to the calculation of entropy.
Entropy plays an important role in identifying the level
of biological information density in a gene and along
the biological pathway. Based on Shannon’s information
theory in evolutionary biology [7], low entropy value is
associated with low information content while high
entropy value indicates high information content.
Besides, the increasing vector in entropy-based
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Directed Random Walk is proved to be related to cancer
cell formation as stated by scientific researchers [§].
Thus, by implementing entropy value in entropy-based
Directed Random Walk, it can reveal biological insights
for a gene and pathway. It also demonstrates a systemic
link between gene expression changes at the nodes with
entropy changes in biological network.

4. CONCLUSION

Entropy as weight variable plays an important role
in revealing the biological insights for a gene and a
pathway. According to Shannon’s information theory in
evolutionary biology, low entropy indicates more
predictability and high entropy reflects more
uncertainty. The entropy metric is useful to calculate the
amount of information or uncertainty of a biological
sequence. With the proven results after implementation,
it is shown that entropy vector not only applicable in
calculating the distribution values along a biological
pathway using entropy-based Directed Random Walk, it
also disclosed the essential biological information
behind the concepts of information theory.
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